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SXABILTTT AND STRUCTURAL THE0R2H3 FOR 
CERTAIN CL&3SES OF n-PER50N OAMES 

R. Duncan Loco 

X* Introduction 

In ti*e von Neumann and Morgenstern (h) formulation of game theory, 

the n-person ease with a transferable utility is reduced; when n>2, by scans 

of the 2-person theory to the study of cortain types of real-valued set 

functions which they hove called characteristic functions. In wards, & 

characteristic function assigns to each subset of players a number .aich 

represents (in certain units) the "strength" of that set of planners if they 

cooperate as a coalition and if they are opposed by all the remaining play- 

ers cooperating as a coalition. Since in some situations the opposition 

my not be unified into a single coalition, the characteristic function 

Host be considered to give a conservative estimate of coalition strength. 

The units in which the characteristic function is measured are as- 

sumed to be those of an extra-player commodity which acts like sonsy, i.e., 

it ia infinitely divisible and freely transferable among the players. It 

need not, however, be ordinary money or be siuply related to it, but it is 

the quantity in which the players are "paid'4 at the end of the game. 

Matheaatically, an n-person gams (in characteristic function form), 

n > 3,  is a pair (I ,•), where I is the set of n players - which for all 

purposes can be taken to be a labeling of the players by the f 5xst n inte- 

gers - and where v, the characteristic function, is a real valued set 

function defined for all subsets of I which satisfies n 

1. If the reader is familiar with either (l) or (2) he should emit the 
introduction through the definition of k-stability. 



io v($) * Q, where (f> is the trail set, 

and iio if R and S are disjoint subeats of I „ 

T(RUS) > F(S) * v(S)y 

'"V fir*>t flWHBrffttBBi simply &*sign/» the value *»*) te the coalition barium 

?.sv rjMriters &ni? thy second i.<* a way of saying that any whole of playars id 

it. It-flvt *y "Strong* a* any snm of &ia joint parts„ 

It IWHH out that th* theorjws so far developed are invariant. over 

^rtiir. equivalence classes of characteristic functions and so it Is sufft- 

zlhnt fcn ftoairts one x\jpresentatl?e function from i»aci   of •the classes0    W* 

shall not repeat the arguraeni here; it may be founi in (2,3 »«    One parfcien- 

1 .«'Xy convenient representative can be shown to be the unique characteristic 

f•"••.tfcicin * iy~: each class except one (see below) which in addition to I and 

ii above pk.*.3iS£§ftJt 

U5.« »({i>) » 0- for 1 i. I u 

•i..d iv-, m(I ) a 1... n 

?ai« rsmctio:; is known as the O^.l^redaeed for«» and it can be shown that 

t»H 0,l°red i.^ed form of the class generated from A given characteristic 

ftanatdttt v la 

T(S) .-   Z     r((i» 

M(S)   -     —. —.-    > 

v(l   ) -    Z      v(U}) 

except In the case v(l ) ~- Z  v(-(i})^ in which class there does not exist 
n       iel 

n 

a OjA-radocyi form*    A game of this exceptional  bype is called ineesentlalj 

and it ia ssihstantially the saaw as a probability measure over the s-sfc cf 

v>iayer«u    It is easy to see that in an inessential gsuae< there is no gain 

•i;hiflwd by forcing coalitions and ao the coalition theory is trivial; l»#w 

s.,«#* .-ifv>i=   S3* oxftiuded from farther stidy,    Anp' gas»s which is w4 ir#-.«a MU ii 
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Is generally called essentialj however5, in this paper we sliall use the word 

"game" to mean essential, game unless it is prefixed by "•inessential„w 

An ia?>ortan*. class or garaea - though it will play only a adnor roll* 

2 
here - is that for 1 tosh 

v, »(S) • ja(~S) a 1, for mwry SCI e n 

Such a garte is sailed eonatant-BUinr, 

In addition to t-na notion of coalition strength as embodied 1c the 

• characteristic functiony TOD Neumann and Morgenatam introduced the concept 

of p«yra»nt3 received by the players«    ?hx& psynsift includes the payments 

from the p»uw» pitas ajcy side payner^i resulting fro-i coalition participation 

and It is measured in the unita of the extra. pl*.yer commodity mentioned 

earlier o    If vm denote tL.2.    -yraent received by plstyer 1 by x>  then it i* 

assumed thit 

1...    2      x-  » v(I   ), 
ltl     a n 

n 

and lie au > vi^i}.^ for lei c 

Such an n^tupl*.   ~ailed an j^ufcation of the gan^ assumes that the players 

- *rationalM players ••• will di>rid« up the value of the game for the »ec 0/ 

all piayprs and that each rational player will -eccept no arrangement which 

givws hia Xesa ihan he can assure Maself were ha to play alone with all of 

the other players in a coalition opposing b.iro.>    If we assuue the character- 

istic function xs in 0,l=reduced forraj,  then any iioputation is simply a pxob- 

ability distribution aver the set of players^ and conversely ?.i distribution 
i 

ia an rajp'rtition,. 

The van Neunanu'-'Morgenstern theory of •delations" (3*it) attenptej, 

usizt£ only these concepts^  to characterise sets of imputations whichv with 
i| 

j ,rcn^im.„TO ,  

i 2.,    If $C:  , ttwn «*S tenet** the mi 1 <®o i n a 
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respect to the given characteristic function, achieve a certain inner sta°- 

bility far  "rational" players » On the other handj the theory we shall dis- 

cuss here, which was introduced earlier by the author (1), requires one 

further notion,. Any system T of non-overlapping proper subsets ot  I which 

exhaust I is called a coalition structure« Wo shall take the point of 

view that the outcome of a. game will be described by a pair (X,T)., where 2 

is an imputation and x is the corresponding coalition structureu One task 

of a theory i« to doscribe which pairs will b« in a state of equilibrium 

relative to the given ciiaracteristic functions., We have mentioned in (2) 

other problems which may be posed* but in this paper we shall bs concerned 

only with equilibrium behavior. 

The basic idea wo shall, enpl.yy i3 chat, even rfnsn a pair (l9i) has 

been accepted., 'National" players will be chopping around for revisions of 

the coalition structure which will benefit them. The pair (X./c) will be 

in a state of equilibrium when no improvement is assured by any of the pos- 

sible changes, *nd hence there will be no a»ttve .for a change.. It turns 

out, however3  th^t no very rich theory will result unless it is assumed 

that the players may only consider- modifications of -t which are not too 

extreme v Such an assumption is not implausible for at least two reasons % 

it is a recognition that, at least with real people, overly complex changes 

of alliance cannot be effected, and that in some economic situations very 

complicated changes are very expensivea In any ca.?ey we shall suppose that 

only certain changes from x can be considered hy the players > and that if 

any admissible change is cortain to be profitable thei) the arrangeraent 

(Xs*c) will be disrupted. It is quite possible to defisio the notion quite 

generallya  as in (,?.)i  however, in this paper we shall examine only certain 

special cases • those defined in (l) •-- and so the def:uiiiion will bs given 

only for that caso.. 



Lot k be aii integor with 0 < k < n-2 and lot T be a coalition 

structure o   A subset 3CI   is caTUsd a k-critical coalition of t if there n ' " 
3 

exists a Tex such that 

I(S-T)U(T-S)| <k. 

A pair (I,T) is aaid to be k-stable if for every k-critical coalition S of 

n(S ) < Z x. 
" ieS * 

end if for pverj i&T, where 1ST and JTJ > 1, x. > 00 

The first, and acre teporfcani coiidition, states that for QS7 S 

which does not differ by sore than k elements from a member of x the char- 

acteristic function value of S shall not exceed the total already agreed 

upon in X for ti«. ^J^^TG who would form S. In other words, there is not 

a positive incentive for the coalition S to forsnu Since this is true of 

al,l, S'a which nay be considered, there will be no tendency for (X,t) to be 

destroyed,, The second condition simply reflects the intuition that a play- 

er will not participate in a non-trivial coalition unless he receives more 

than he could assure hiraself when playing alone in the most af*verse situa- 

tion o This socond condition seems only to serve the role of reducing the 

number of k-stable pairs, for we have yet to find a case where a gams does 

not have a k-stable pair if the condition is assumed and that it does when 

the condition is dropped* 

A game is called k-stable if there is at least one k-stable pair? 

otherwise it is called k-uTifltables It is easy to see that if k<k{, then 

k-unstable istplies k1-unstable and that k'-stable implies k-etable» 

A particularly interesting case of k~stability is k = 1, for this 

case is, in a way, the borderline between stable and unstable games o If 

some change is allowed ©very coalition of TS then the least possible is 

3» If SCI = thea !si denotes the number of elements in S. 
n 
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with k •» 1, and so a game which is 1-unstable is, in this sense, inherently 

unstableo Thus, even when it is not possible at present to obtain full 
I 

stability results for a class of games, it is still interesting to separate 

the 1-unstable ones from Lhose which are l^stabloo 

In (l) we began to study the conditions for k-stability in certain 

general classes of games.. There we covered uhe 3- and it-person constant- 

sum gan»s> sisple games, and negative gawes» We continue this program here 

and present- siail^.r results for symmetric aac! quota games n This is ths 

content of the first part of the paperu In the second part, we shall pre- 

sent some structural theorems for simple quota games and for two other 

classes of simple games which are closely related to the non-constant-aum 

simple quota games»    These are not 8tab\±xx,y theorems as such, but tb*.y 

are indirectly a product of our consideration of the stability probiemo 



I.    ON THE STABILITY OF SB-METRIC AND QUOTA GAMES 

2. Discretely Stable Ga^cc 

In the previous section \re emphasized the important dichotajqy be- 

tween 1-stable and 1-unste.bItt garxjs.    It appears desirable, for reaccjis 

which will beco*** apparent, to refine this into a trichotomy °7 dividing 

the 1-stablo gaioos into two classes*    Lot us denote the special coalition 

staucture [{.1},{.2},..* {n}] by A   j it in the case of pure coispetitlon 

within the universe of the n players^   We shall call a L-stable game which 

has a 1-8table p<iir of the fovra (Z, A   ) discretely atablo, and those 1- 

stable gassea with no such 1-stable pair Hill be called noa-discretely sta- 

ble.    It is trivial to see that discretely stable gasres exist, but an es- 

araple of a non-discretely stable one is needed,,   Consider any (I ,ni) having 

the following properties:    the^e exists a set T such that 

i.  |T| - | = t, 

ii. for i.,jeT or i,js-T,    H({i,,j}) > 2/n, 

iii» for i,jsT and ke-T   or ieT and j,ke~T, 

*( iijjk ) < 3/n, 

It is not difficiiLt to see that such gstras enlist»   How suppose a pair 

(X, A ) is 1-stable, then for i,jeT and i^je-X, 

x< * x., > m({i,j>) > 2/n. 

If we sun orer all possible pairs in T, 

(t~l) S x. > t{t~l) 2 
isT *"  *"T ' n * 

and so 
2 x. > t/n := 1/2. 
isT * 
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Similarly, T,     x.  > 1/2, and a contradiction results* On the other hand, 
ic-T x 

if we relabel the players so that T * {lj,2, o,,„9t}, then the pair 

(|l/nj, [{l,t+l},(2,t+2}, .„c,^{t,n>]) is l«=stable0 To show this we need 

only consider two distinct types of 1-critical coalitionsi 

:n({l,t+l,t*;j}) < 3/n • x- * xt+1 + *fr.*s 

ja({l,t^l^}) < 3/a - x, + z4+1 * x , 

and ;3o the game is 1-stable and hence non-discretely stable * 

This concept of discrete stabiixty is actually a generalization 

of tie notion of a quota game without a weak player, Shapley (?) has 

called a game for «nieh there exists an n~tuple Q « J|q. j| such that 

i. Z     q» 1, 
lc"n 

and lJL »({i, j} ) = Q^ - q., i f Jf, 

a quota gaices where Q is called the quota.., A player i i3 called weak if 

q. < 0o Since m( i;,jj ) > 0, it is clear that there is at luost one weak 

playsro Novs eottprrc this with the fact in a discretely stable game there 

exists an n-tuple X such that 

Is 
isl n 

i 

iJU   B({i,j}) <  3^_  •»•  Xy      if   3; 

iiis ?..  > Oo 

The notion &f discrete stability is of interest,;. first,, because 

all 1-stable simple., negative* syssaetricsi ox quota gasssa are discretely 

stable-.    This is obvious for slKpla and negative gasaes froa theoresas h 

and '{ of (l)j and foi* syaiastric ana quota gaE*o it follows frca theoreiatt 

1 and 2 belci?..   We i.*ust therefore conclude that the special types of gar/ies 

whicn have been given detailed study cio not five us any jn3^ghb into the 

- -   -~ *-- 



phenomena of non-discrete stability., 

A second reason to roncera ourselres with this classification is 

a property of (I, A) & '?^aoie pairs which suggests that they way be ex- 

pected to arise only raraly in empirical situations o The definition of 

k~stability implicitly supposes a dynamo model in which a change from a 

(non-stable) pair (X,T) occurs if there is a k-critical coalition S of T 

such that as(S) < I x. <. Jroa a given t only certain other coalition 
itS X 

atrueturee can be reacted by insane of changes employing oiily k-critlcal 

coalitions,;, l.C:,, from a given T thox"o -vrlLl be coalition structures which 

are iimeceoGibi e 0    Indeedg  it is not impossible that there are some struc- 

tures which are not accerslble from any other pair  Formally 3 a coalition 

structure T is k^inaccesslblg if far every pair (I,,v!) such that 

x. a(T) < 2 x, „ Vex- 
*" leT * 

a.io ii. tha coalitions of % are k-critlcal coalitions of T1, 

than iiio n(S) < 2 x. for every Set. 
"" isS 

Within thn freroevork of this dynamic model a k-stsble pair (X9T), where "c 

is k-inaccessible^ can aarer arise in a trial and error fashion from other 

tentativejy accepted pairs, but rather it Must be agreed upon at the very 

beginning of the coalition foytaation process,. The latter occurrence seems 

to be rather unlikely in practice,, and so ve inusi expect such k-«e table 

pairs to play a special role,. Clearly a sufficient condition for T to be 

k-inaeceesfible is that r.\{¥)  • 0 for every TCT (in tho conventional language 

of game theory3 I is losing}., and so xse  see that & is k-inaceessibleo 

Ii appears from these observations that the full significance of 

the foiloving stability theorems will only become understood when a com- 

plete dyrcgufic theory is presented and one can answer such questions as 
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the probability that a k-stable pair 'fill arise given the starting pair, 

or a distribution over starting pairs, of the players> 

3o Symmetric Games 

One quite general and important class of games which has been 

studied in the literature are those in which the characteristic function 

depends only on tho aize of a coalition* that isa 

m(T) - B(|T|). 

Such games are called synmatrlc* 

Theorem 1. A syEtaetric game with characteristic function n(i) is 

k-stable if and only if m(i) < i/n for 0 < 1 < k+1. 

Proof „ It Is clear that (jjl/ajjs A ) is k-stable if the condition is 

nato 

Conversely, suppose (Xf?) is k-stable and that m(k*-l) > (k+l)/n<> 

Consider any positive integer a such that a(lrKL) < n<> Since we jray par~ 

tition any coalition of a(k*l) elements into a disjoint coalitions of 

k+1 elements, 

»[a(k+l)] > a»(k*l) > o(k+lVh. 

For any T.6T it is clear that we may write 

11.1 - a (k+l) + b±, 

where a, and b., are integers such that 

0 < a,(k*l) < n and ~k < o. < k X -'X ««• 

Let us denote the quantity Z  x. by d.., and then we consider 
•jeT, J 

three casesu 

lo b. «= 0, From the condition of k-stability we have 
x 

\ > "(1**1 ) ••' «[oi(lfl)] > ai(k--l)/n • |T±l/n. 
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2<>   b. < Oo   We first show that it is always possible to find a 

set B, such that 
r—»    (l-d.)lb I 

B^-T,, |Bj.|bJ.«d^<_^o 
* i        ' i 

If this were not the caao> then we would have to assume that for the 

(' tf1) 
coalitions B. nesting the first two conditions that 

)  x. > * •*• e  Observe that each js-T, appears in exactly 

(.-|f4l-l\ 

obtain 

of taase sets, and so if we suai over all of them we 

I -i' 

B^^ jeB± 
3  \  |bi'  -1 / je^q J   V,  ' i1    / 

/n - |T±|N   (1-d^jbJ /n - |Tt|  - l\ 

*  \    lbll   /      n-HJ    M     IbJ -1   j (1 - d±) , 

which contradiction establishes the eecLstence of a B. Eeetaug the three 

conditionsc Since JB. j • jb. | < kt    I'.UB. is a k-criiieal coalition of 

x snd sc 
(1 - OlbJ 

d, ->  -i i- > z     X  +  2  x, 
-    n - jfj  ~ jcT± J    jcBi 

J 

> M(|T.j * IbJ) 

••= ata^k+l)] 

> a.(Jc*l)/n, 

Thus, 
d-MTj-lbJ) • |bj 

n - |T±| 
> ai(k+l)/n, 
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* di>   "     n(n-!Tj - |b±|) " nCn^Tj - fbj) 

3»   b. > 0,   Wo first shew that it is always possible to find a 

set B.  such that 

B,CT,S  |B, I  -b.,    and     2     x,    >   d.b,/JT„|c      If this were 

/IT l\ net the case* then we KC./ stsa over all    Mil   sots B.  satisfying the 

Vbi/ 

first two conditions3 and ne obtain 

2   2  x. 
B± 3eB±    J 

X' 

which is a contradiction > Observe that £w any B. satisfying the three 

conditions,, T - B.. is a Is-critical coalition of T. hence 

^ - d b /|T |  >   2  s - 2  x 

> m[a.(k*Uj 

> ai(k*l)/n 

-      (JTj-b^/no 

Thus, d± > JT |/n<> 

VJe havn therefore shown that for every T.CTJ    Z     x   > JT.|/n, and so 
•isT,     3 X 

"    a 

1-2      x    -    2      2      x    >    2     |?  |/x\ - 1, 
J    n i d    a i 

which   ,s impossible and so the pair Is not k-sfcable, ar>d the theorera is proved; 
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Iu (l) we defined a game to be negative if m(T) < JT|/n for all 

TCIn. 

Corollary 1. A symmetric game is (n-2)-stable if and only If It jg negative» 

Proof, The theorem and the definition of a negative game., 

Corollaly 2. If a symmetric gaueis 1-atable it is discretely stable. 

Proof. Trivial. 

)». Quol* ft**•***s 

It will be rscalled (section 2) that Shipley ($)  defined a quota 

game to be one such that there exists an n-tuple Q - IJq^ j{, called the 

quotfrj tiuch that 

i«  £  q. » 1, 
iBln 

end iio n(^i.,j}) = q^ * q.9 i,j G I^C 

A player i Is called weak if q.<0, and we noted that there ic at most one 

weak plE.yer. 

Theorem 2o A quota gaae is 1-ctable if and only if there is no weak player •> 

Proof o If there is no wtok player, then clearly the pair (Q54 ) is 1-stable* 

Conversely, suppo^ there is a weak player, which by relabeling we 

may take to be n, and let (X,ir) be a l-3table pair* Label the coalitions 

T,,<,.„,? of i: so that ne?, „ For any T.ET.- the 1-stability requirement 
1 % li 1 

lilies 

n(T.)< 2  x.. 

Now, if |T., I is even, then T. can be partitioned into lT.|/2 non-overlapping 

t%*o elozsent coalitions* each of which has the value m({i5j}) •> q, + q.o 

• i - 
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Th'M* 2      x   »  nt(T.)>    2      q.. 

If ITJ  > 1 and is odd, then for cvory ke^,   |T.-{k}j  is even, and BO by 

the sajr>« argunent 

<sT—^a. > ^ _,qj 

Sumalar' ovnr al"' fceT  „ 

^i^-^^^^V <'*-«§., V 

i 

hsnce 2      x   >    I      a 
jeT      3 '" it%\ 

If [T.|  • 1, let T    - >-i\s and &ben fca= any ke-{i}s  (i,k} is a i-eritieal 

coalition and BO 

S   :  \>^{^P " <h * V 

Suraiing o^er all ke»*i^s 

(n~2)x    + £_i y,   > (n-2)q,   + £.—i qv. 
1     kel     K " x     Ire I     K 

a n 

Bat g -.) x,   » 1 *lL~»~.i Q. f sc v;ith n > 3, 
kel     K kel      h> n n 

Since thase ineaualities hold for all T.&t and eince    Z      x.   «    J      a, , 
ke.i ksx n n 

the equalities Z      x.   «    2 q . 
J«TA    J      ^sT. 'J 

jeT.     J      jsT 
qj 

2  a. •- m('f ) if |T j i8 g^j, 

3 if JT.j is odd 

must hc'J.d. 
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Next we show that if a is weak and neT., JT. j 1B even0 Suppose, on 

•She contrary, |Tt( is odd* if i'Jtl>l» then by the partitioning arguoent 

m(T.) > n(T.-{n}) >   2   q.o 

But we know that 2  q = 2 x.,  and since n is weak, q<0, so 

m(T+) > 2  q. - a > Z  x,, 

which violates the 1-stability assumption* If j?.f * 1, then T. = (n) 

and we have shown above that x = q < 0, which is impossible., Thus 

JT. | is even,, 

It is clear that in -T. there is at least one k such that q, > x, « 

Consider the 1-critical coalition T.U(k]o Since jT. | is even, so is 

I (T. U{k^ )-{n} 11  and so ;JS may partition that coalition into non-overlapping 

two element coalitions: 

m(TtU{k}) > o[(TtU{k])- n]>   Z^   \ * % ~ \ 
lext 

But q <0 and qb^x. » so 

m(TxU{k])>   2     x. * x.   * 0 o Z x., 

| 
which violates the assumption that (Xj/c) is l~-stableu    Thus, we rau3t con- 

clude that there is no weak player. 
i 

j 
Corollary- 1» All quota gaaes with an odd iiumber of players are 1-stable,, 

Proof c If n is odd than there is no waak player- since if a <0, 

i 
ieln-^n} idn 

vhich is impossible,    Thus the theorem iitplies a quota game is 1-stable 
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when n is oddo 

Corollary 2o If a quota ;jw.o  ia l-yjtable it is discretely stable.-. 

Proof. Trivial,, 

Theorem 3^ Let (I 3m) be a k~stable quota jgg^^fld lot (X.x) be a k^tablo 

pair\. If n ia odd or if n is oven and k > 2S  then X * Q„ If n is ev^n and 

lc •» 1, then either X = Q or !?! is^eyen and a(T) * I <U# } £ for every 
%M iex 

TcTv.    There are quoted ;igK03_ (hp'^1 ggttsfrvftrF1-'1 auc* noa~oonstant-sum) with n 

even and krl in which 1 }Q. 

Proof o    Suppose (Xai)., where % » (f1,,»BJT,.),  is I-stable and that for some 

r, x    T CL.0    Frosi the proof of theorem 2 we Icicir that for each T^er,    E     i. r      -r i        gjj.     3 

«    Z     q.c    It follows* therefore, that in so-ne T., gar T, > thore exist r 

and 3 such that z >q   and :: <q <•.    Now suppose that for i | t,  JT. j is odd, r   r zu    c i 

then T.U^s} has an even s-saber of elements ana ia l-criticsl, so 

which i3 iinpossible..    Thuf.  fT^. f  is otren>    If r. io ever., then 30 is  |3LJ» 

Suppose v.y and therefore  [?,. j., is odd*    Since -.ra knot- that if ?.. - (rl, 

a    - x , it follows that jr. 1>I.    Since j?.-4rU is even, 

m(x\~fr\) >       1       a. >       I       x., 

Rff 

t*hich is iuipcssible^    Tims, if fXs*f.) is I-st-?.hle ofither X«Q or  jl'j  is even 

for Tcfo    Since any fc-stabis pair is also l-stablo, the ecncluaion holds 

for k--atable pairs .>    If jl'j  ia oven w® Imcw Ettm the proof of theorem 2 

that m(T) *    X   <L  *    S   >:. 
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Next, lot us assyms that ri is ©Yen and k > 2, and suppose (X,T) is 

k-stable and .' 'f Q. Thus there exists reT. s for some i, such that x. >q - 

and for any j T i, there exists ssT, such that x < a 0 Consider 

fl. -{z^v(Jfel uhich is k-'criti^al for k > 2 and which has an even number of 

elements since T. doen„ Thus, 

»[(T,-[r})U{s]j > S  q ~ % * % 
;ieT. *' 

>      <£?"*     -i X., 

which is impossible „    Thus., X = Q. 

The following is :ia example of a non-canstnnt-sura synsmetric quota 

£a;Te in yhich (Xj-r) is 1-atable and X f Q: 

a - 6, c^ = 1/6, m(2) - I*A2, *<3) - 5A2S »(U) = B/12, m(S) = :n(6) « 1. 

It is easy to show that 

(|ilA2,3A2^2A2,2A2v2A2,2A^;!J   [ 1,2 , 3,U , 5,6 j) 

is l»stable»    This example is readily lnodiiiod into a conat&i.t-svro exasroie 

if 3i(5) is altered as follow©* 

m({l:.2,3}) = R({I^,6}) - 5>'A2 

B({2^'?6}) »a({2,3,Q) = ?A2 

a({i^.,fc}) - 6A2 for all otfcar {ij»k}«, 

The sane pair is l-stablo< 

Theorea h„    Let (I .m) bo a quota gaise without a ~>reak player,     ^sufficient., 

bat not a naccsgaryj conclition f or ths^gaae to be k-stable9 k> 2? is that 

m(T) •••-   2    q. /., x 

i.O   , 

hold Tor all T such that JTJ < k • 1„ A necessary» but not a sufficient^ 

condition for it to be k-stable -
J.F that equation 1 hold for all T such -'chat 
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|T| < ic. Suppose the game is k-otable and there exists a set T such that 

|T| » k + 1 and equation 1 la violated, and let T be the coalition structure 

of any k-stable pair., If T, Ic  any coalition of i which intersects T, than 

|T.OT| » 1 and JT.| la even. 

Proof, Sufficl^r.c•'.    It is obvioui- that ',QSA ) is k-stable if equation 1 
n 

holds for all T siich that |T| < k + 1. To show that this condition is not- 

necessary, consider the Tallowing game? 

n » 6, q, = -i/6 

a(S) » JSi/6   for all S such that jsj - 2,3,U,6 ex- 
cept {.1,3,5} and {2,U,6} 

- 1      for all S such that |sj - S 

m({l,3,5}) - U/6 

m({2,ii,6}) * 2/6, 

Let t « t{lf2},{3jU}>{5,6}] and -ihen it is easy to see that (Q,T) is 2- 

stable since any 2-critical coalition contains at most four elements and 

if it contains /l,3,5J it must contain four^ But equation 1 is violated 

for T » {1,3,*}.. 

Necessity: If the game is k-stable, k > 2, then by theorem 3 ^ny 

k-stable pair is of the fora (Q,'r)o Suppose that T is a set such that 

|T| < k + 1 and n(T) > ,2 quo Let T. be any coalition of x which inter- 

sects To First, T ~T $  0, since if T±CT, then jT-T } < k because |T| 

< k + 10 In that case T la a k-critical coalition of x and the hypothesis 

of k-stability is violated„ Second, T.Ul k \t  *«P if it were - I , than 

for any sel , (T. UT}~{s} ia a k«critical coalition of x0   We mar make 

|(T.-T)-{s}i even by choosing ei/fther s*l\-T or se-tT^-T)* Thus, 

. •i.n*lwr **m 
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mfC^UT)-^}] - «(TU[(T1-T)-{8}]) 

> m(T) • mfCT^Tj-fs}] 

>   2    q. +        S_     . q. 

which violates the Instability condition. Thus lie know that Ti-T f 0 and 

T LIT f I „    Suppose that |T HT| > 1» B7 choosing an element s&T^"T or 

in -(TJJT), we may make |(T.-T)U{3}| even. Observe that since |T^ 0T| > 1, 

KTU^U^})-^! - KTU^MTOVI <k> 

and so TljT.U {l} is " k critical coalition of T„    Then, 

m(TUr(J{s>) - m^TUfC^U^})^ 

-- mtTU(TrT)U{s}] 

>m(T)  :• m[(V-T)U(syi 

>   2    a . + 2 a 
jeT    *      JE(T. T)U{e} J 

2 q„ 
jeT(jT.U{o\   J 

and so tfo must conclude •chat  |T f)TJ  «• 1. 

Wax* 5 suppose that |T.|  is odd, then |T. ~T |  is even and TU^ is 

k-critical, so 

EI(?UT. ) > m(T) * Bi(T.-T) >        2        q., 
1    ~ 1 JBTUT.    

J 

hence  JT^ | is even,    Finally, if we suppose  JT| < k, then for SS-CTU^) 

I (TU 'i^lj {s} )-T,!  -  I (TU {S} )-(T f)V±) I < k, 

so TUT U(s} is k-critical  Since |T. | is even, |(Tj-T)U{s\| is even. 
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and the same argument as above leads to a contradiction» Thus, we must 

conclude that equation 1 holds for all T with |T| < k, and if it fails for 

sane T with |T| » k + 1, then for any T *T such that TjfiT £ 9S JT.DTJ * 1 

and JT | is even,, 

The necessary condition is not sufficient as the following example 

shows, Let n and K be both even or both cdd and let (ln»m> be any symmet- 

ric quota game with m(k-"-i) > (k+l)/n and m(i) < x/n for i < kn It is easy 

to see that in a symmetric quota game, q. = l/n, GO m(k*l) > (k+l)q.- Thus, 

the game satisfies only the necessary conditions and by theorem 1 it is 

k~unstableo 

Corollary 10 The neeessfiry condition is sufficient if either n Is odd and 

k Is even, or if u is e^en and k is odd, or if k > (ii"2)/2 

Proofs If n is odd and k is even and T is anj set such that \T\  ~  k+i5 

then |TJ is odd and |~TJ IS  even* so m(~T) > 2  q. „ It therefore follows 
" ie-T n- 

that 

B(T;' <r l»m(-T) < X ~   Z     q, •- 2 q. , 
ie-T x     icT x 

and so the sufficient CG.>•'.:.cion holds. Essentially the saiac argument ap- 

plies if n is even and k is oddt 

Surpose equation 1 does nut hold for T where |T| = k + lc In this 

case we know that for any ?±tv such that T.f*T f 0S |T,0^j = 1 and JTJ 

is even, thus there are at least k^-1 disjoint sets each having at least two 

elementsi, sca> 2(k+l)5 or k < (n*2)/20 Thus, if k ~ (n-2}/2, thr neces- 

sary condition is also sufficient. 

Corollary 2„ Any quota guinc with an odd number of players is 2~Btable 

Proofs The firr.t part  of Corollary 1. 

-*  



21 

He on TIC: STRUCTURE OF SIMPLE QUOTA GAMES 

AND OK TWO CLOSELY RELATED CLASSES OP GAMES 

lj' Simple Quota Games 

The definition of von Neumann and Morgenstern (h.)  for simple 

constant»8um game* was extended in (l) to general games as followss a 

game ia simple If for every SCI , m(S) » 0 or s - The coalitions S with 

m(S ) - i are called joining-> It is trivial that any subset of a losing 

coalition is losing, that any superset of a winning coalition is winning, 

and that the complement of a winning coalition is losing= The complexsent 

of every losing coalition is winning if and only if the game is constant- 

sumo 

The principal "stability result concerning simple games is theorem 

U of (l)o It states that a necessary and sufficient condition that a 
I 

simple game be k-stable 13 that either there are no (k^l)-clement winning 

coalitions or, if the •: are3 xhen the inter seer,:, on of all of them is non- 

empty.? We shall return to this result subsequently, but first we propose 

to describe the structure of those games which am both 3iraple and quotas 

Theorem 5* Let (I .n^ ba a simple gates. It is non-constant-sum and quota 

if and only if either; 

* • it la the U-gerson game with the Q.,1-reduced form characterise 

tic function 

n({i*3}) '= I> for i,j k k» 

ml{i,k}) •» 0, for i } k 

(this game will be mlled the exceptional simple quota game), 

2£    ^' there exists an element ic  such that any coalition properly 

Including k is winning, and all, other coalitions are losing, 

• •  -•" -t,'"J KMSU —m •*••£*» 
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It is constant-sum and quota if and only If there exists an element k such 

that -{k^ la winning, any coalition properly including k la winning^ and 

all other coalitions are losing. 

Proof. It is not difficult to see that the simple games so defined are 

quota games by taking Qj-^l* %"&* i^k, in the non-exceptional cases and 

by letting q. ="-1/2, q^l/2, ifk, in the exceptional It-person case. 

Conversely, suppose (I ,m) is both a simple and a quota game* 

Suppose there existo a woak player, which without less ?f generality we 

may take to be n« It is clear that for i^na, q.>0 and that there exists 

some k^n such that Hk>0n For any i^k,n, ra(.[i,k}) - q.+q.>0, so {l»k}> is 

winnings If we suppose that, in addition to k, tlisrs is a j with q,>0, 

*iien any set {l;j\ aust also be winning» If n>5, then we may choose 

i>j»k,l all different and different from n such that both {i*k} and {l>j} 

are winning, but this is impossible4 Thus, if there Is a weak player 

then either n<U or <Ik"l> q."0» for ifk,n. In the latter caee, 0 - 1 - 

Z A.*  " 0, which contradicts the assumption that n is weak. For n»U» 

the same argument applies as above except if f)-»2jf, fl>3} end {2,5} are 

all winning,, In this case. q. • q2 * q- * q~ • q_ + q^ • 1, so q, * q._ 

• q, • 1/2 and q, « -l/2„ Thus fi,U}, l}U> are losing coalitions.. For 

n»3, the fact that {l»2^ Is winning isylies q, + q- * 1, which implies 

q."0, and so there if no weak playur* 

We may now suppose the game has no weak player. By a repetition 

of the first argument of the proof we may show ti»at there exists an ele- 

ment k such that any coalition properly including k is winning „ If T is 

any coalition not including k and if JT| < n-2, then there exists je-(TU(k})t 

Since {k»j} la winning and -TDfk,.}]., -T is winning and so T is losing., 
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The only remaining coalition is -{k} which if it is losing results in a 

non-constant-eus game and if it is winning results in a constant-sum gane0 

Corollary 1. Brery conatant-gum staple quota game is k-etabls for all 

k < n-2 and it is (n-2) •-.^stable* Every non-exceptional non-constantygua 

simple quota gams is k-stable for all k < n-2. Tne exceptional game is 

1-nnstable» 

Proofs Theorem 5 and the ftonrH-tiorw for the ^stability of simple games 

(Theorem U, [l])o 

Corollary 2. The only k-stable pair of a non-exceptional simple quota 

gams in (Q, A ). m •    n 

Proof. Let (X,T) be k-stable „ By Theorem 3 we know that X«»Q axoep-c pos- 

sibly when k»l and n is ?ven. In the latter case, either T»A > in which 

case it is obvious that X«Q, or fr({l},{2},au.,{s}j,T), where T is winn'^ig> 

Obviously ieT, where i is the element described in Theorem ?= If x.<l«q., 

then since {i,j}» j«-T, is a 1-critical coalition, 

n({i,,l}) » 1< x± • x. 

which implies i>0 since x.<l» Thus 

£ x, » 1 - Z x   < 1 • •(?>„ 
reT r     rs-* r 

which is impossible. Thus X-Q0 Since 3*1 and q.^O, J=K» J* follows by 

the second condition of k-stability that x»/i0 

The case of the non-exceptional non-constar>t«sum simple quota game 

is interesting in that it has the property that a set is winning if and 

only if it properly contains a single element. Obviously, this can be gen- 

eralised to the case that a coalition is winning if and only if it contains 

a givsr> non-empty set* We shall characterise such games in section 7, but 

to do this we rmnt  first introduce another concept. 
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6« The Direct Product of Oamos 

We shall say that a game (I ,a) is the direct product of games over 

T and -T, where T is a proper non-empty subset of I , if there exist games 

(T,B» ) and (»T,a") such that 

«(S) - m'(sriTkI,(S-T)a (2) 

We observe, first, that given two such games, their exposition according to 

equation 2 yields a game which is the direct product of the given games„ 

This will be shown if we can show that the dn>m) which results is in fact 

a ; e, i.e*, if m is a characteristic function in Ojl-reduced form* This 

we >:ow* 

m(l ) - m(TU[-T]) - m»(T)m»(-T) - 1, 
n 

*($)  » a'(<j>V»(<|>) - 0, 

m({i}) - a'({i}nT)m"({i}-T) - 0, 

If R and S are disjoint subsets of I, 

a(RUS) » a'(tRUS]f|T)m-([RUS]-T) 

' a'(U0T3UtsnT])m"([R-T]U[S~T]) 

> [B!(R0.T) + m'(snT)][m»(R-T) + m"(S~T)] 

> mt(R0T)a''(R-T) + m'(snT)m"(S-T) 

» m(R) • a(S), 

Second, it is clear that if (I »a) is the direct product of games over T 

and *T, the characteristic functions a* and a" are uniquely determined, 

nan: ly 
a'(S) - a(sll["T]), for SC?, 

and a"(S) * m(S»jT), for SC-T. 

It should be noted that this concept somewhat parallels that of a 

decomposable game (3,U)» A game (I ,m) is decomposable into games on T 

anc VT if for every SCI 

a(S) - m(sOT) • m(S-T)„ 

"—• '  — ir i*i n - in  i     r 'T ' • n 
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Theorem 6. Let (I. «m) be the direct product of games (T,m!) and («-T,m"), 

then   i. if R3T and Sr>-T, nCROS) » m(R>a(S)j 

iio if R,SC-T and ?HS » $, then 

m(RUSLlT) > m(RUT) + m(SljT), and a similar statement 

if R,SCT) 

iii. a(?U{i}) - a(?U (i)) » 0 for ielni 

IT. a({l,J,k}) - 0, i,j,keXnj 

Tc (X ,m) la !• and 2-3table) 

vi* (l ,m) ia non~conataut-sum; 

viio (I ,m) is simple if both (T,m') and (-T,m") are simple; 

Tiiio (ln»>n) ia negative if both (T,ra
f) and (~T,m") are negative» 

Any game vith a set T sucn that 1,  Ii„ and iii held is the direct product 

of games over T and ~T, 

Proof, i. Let Q-R-T and Q!«snT, then SRS =» (TUQ)n(~TUQ' ) • QUQeo 

Thus, B(ROS) - m'(Rn3nTb«(RnsD[-T]) - B!
(Q

!
)B«(Q). Also, m(R) - 

a«(RriT)m»,(R«T) « m{(T)mw(Q) - m"(Q), and m(S) = m'CsOT>a*(S-T) = 

ml(Q*)m»(-T) - m'(Qf)o Thus, m(RfiS) * m'(Q'^"(Q) - m(R)m(S). 

ii„ miR'JsUT) » ra»(Rl>S) > m"(R) + m"(S) » m(RUT) • m(SUT)„ 

iii. m(TU{i}) - rc'(T>5e({i}=T) - 1«0 - O5 similarly m(~TU{i]) - 0o 

iTo For any i,j,k either £i,i,k}CTU{l} or C-T'Jfl}, where 

l«i,J, or k, and so by iii, m(<ifj,k}) » 0„ 

To Since m({i,.l}) • 0 » m({i,J,k})» by iv, it is clear that (X, A ) 

is a 2~stable pair for any distribution X„ 

vi„ Since m(T) + m(-T) •> 0, by iii., t' . game is not constant-sum,, 

viio Obvious,. 

viii» If the component games are negative, then for any S 

»(S) - m'CsOTjm^S-T) < J^I Jj|^l . »l 
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Observe that since \S()T\ gtffj and *S-TJ < |-T|, 

IsHTi |T|(|S..T!-|-T|)< O< |S«T| |-T|(|T|-|snTi}, 

so Ml !snTj(UT!+|T|)< !-T| MUs-iMsm!), 

or M Mi ., jMjd|3H - M i nenco m(S) < !s!/nw jTl      |-1I    -     j-f|^[i| n 

Suppose that i.  II, and Hi are met in # PS-.M.,    For RCT, dafine 

K-CHj-wCHUt-T]) and f<>? «£•£, M"(S)«m(SUT)..    3£rrtj m<   and a>" are 

characteristic functicv-r: 

m«(T) - 4TUL-1'}) » U 

m<({i}> - n(-TU{i}) * 0, by iii, 

and if R^SCT'^nd lf\S ~ '>},, then using it m have 

m'KWS) •. y{.-UsU[-T]) > tfi(RUi-T]) -> ri(sU [•-?]> - m'(R)+a''(S)„ 

The direct product of thc.-e two garaes is the gives game, ft* 

m-(S0T)w A3-.C} • n([Sf)T.]U [<*3 kC|i-f Jiffl 

-m(sUf-T3)m(SUT) 

•" m([SU(~T)]ff[SijT-, '.' * ffi(3^ b? condition i 

7<    The Structure ggJV>   ..lasses of Simple Oanigs 

Following -;he :"!.?-.•. of section |f we shall ,icv define three classes of 

3iaplo garaes, and we iglll'i determine the structure of two of then.    Let ULpflU 

be a sixiple game, then ;JC rhaU say that it has: 

Property A if tbmra exists B coalition C such that a coalition is 

winning if and only if :u properly contain 0; 

Property E if .•!.."?;-r eclats « e«0JAiss 0 HW&J that a coalition is 

winning If and only x£ "'.•/ ••• rivains C: 

PMpBtftgr G :;.-." 'M*-  -..itorseCiicn V of all ••rivirr.vng cocJitiona is non-ampty„ 

J>.   IM tmm r3i£?<-4H  v to mm th:xt if a ;-asvx3 haj property a, then xn has 

property C -Jhcrs tie coal •..•..lor, C is losing «nci IH3      II is also easy to show 
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that a game has property B if and only If it has property C with W winning,, 

In this case C-W« 

From the results on the stability of  simple games quoted in section 

5, we see that any simple game satisfying one of these properties is k°stable 

for all k, 0 < k < n-2* 

Two extreme case? are of interest „ If a game has property A and if 

|c| '« 1, then by theorem 5 we know that it is a non-exceptional non-constant- 

sor simple quota game, and converjolyc If it has property D and if |c| * n„ 

fieri there is no other winning coalition than I „  end so for obvious reasons 
* n* 

we call this unique game almost inessentials It is not difficult to show 

that the following conditions ax*  equivalent: a game is almost inessential9 

it is simple and negative, it is symmetric and the intersection of all 

winning coalitions is winning, it ib negative and the intersection of ail 

winning coalitions is winning. 

Theorem ?.. Let (I ,n) be a simple game.. The following are equivalent; 

io it has property A and |C| > 1, 

iio it is the direct product of an almost inessential game and a 

non-exceptional non-constant»sum siiuple quota gage* 

The following are equivalent: 

i« it has property B3 

iio it is decomposable into an almost inessential game and an 

inessential game, 

iiio ra(Rns) - ra(R)m(S; for aJJ. R,SCIQo 

Proof o Suppose the game has property A and |C| > 1* Let isC and define 

T • C-£i}., We now def5.ne games (?,m! ) and (-T,m,f)% 

m«(R) - m(RU(-T])f for ECT, 

m"(S) * a(SUT), fox SC-T, 
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In the first case, m(RlJ[ -T]) » 1 if and only if Rljf-T] - B.U{i\ \Jl^ 

properly contains C» which obtains if and only If R^{i}  « C, i,e«s ^ **** 

onlr if R » To    Thus  (T3ci  ) is almost Inessential.    In the second ca^8* 

m(sUT) - 1 if and only if SfjT • SU[C-.{i}] properly contain* C* *,hich ob~ 

tains if and only If S properly includes i.    Thus, by theorem 5y  ("T^"' 

is a non-«xceptioaal non-constant-sum 3imple quota game-    (I fm) is., *° 

factj the direct product of those games since m(S)<L if and only if £ pr°P~ 

erly includes C, in which case SOT"T and S-T properly includes i» s^ 

mKsOT) - 1 and mM(S-T)  - lv    The converse i3 obvious; 

If the game has property B£ then C«wJ is winnings    S is winni/"'" 

if and only if it contains W and so the giome is decomposable along W an<* 

•*#,,    It is> clear that the c?ame on W is almost inessential and that of* **• 

is inessentialc,    The converse is trivial,- 

Next, if the garr» nac property B, R/)S is losing if either R or 

S is losing and it is winning if and only if both R and S are winning  so 

m(Rns) - m(R)»(S)c    ConTOrsely, if m(P.f)S) - m(Rk(S), then by takxj^ 

R=*S we see that m(R)a:a(R)~> so the game must be sinple*    Let W be th^> *ja" 

tersection of all winning coalitions .    W-f(j> and W is winning for if R an(* 

S are wiping so is RfjS,    Thus property C holds;: with W winningi ao p*0?" 

erty B heir's <, 
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